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The relativistic hydrodynamics of superfluid liquid :

e nonrelativistic equation for pressure P
dP = pd,u + dT + ngn — (J —an)an

e In relativistic case, density of flow | does not coincide with

density of momentum g. The definition of w

J = pVs+ SW



e Introduce four-vectors
Vu = (+Ven—Vs), W, = (T +vaw—w)

e for pressure
dP = j*dv, + s'dw,

where * = (p, J) - density of 4-vector of flow of mass, s =

(s, svp) - density of 4-vector of flow of entropy

Variational principle:

e pressure P coincides with the Lagrangian density L



e We Iintroduce Clebsch-variables

Wy = =Vué — @Vyy
e the variation of action A

f d*x(-g)Y?P(v,, W)

gives us eguations



Quantum vortices:

e the contour integral around a vortex

9§dxﬂvﬂ = 2nh/m

e the number of vortices N crossing the surface

=5 f dfH* (Vv — V)

e energy-momentum tensor

oP oP
TH = —v, +2 (Vv — V) — &P
v 0V’u Y G(Vﬂv/l - V/lvlu) Y Y v




e conservation of energy and momentum
Ho_
VuT, =0

gives us two equations
j'u(v,qu - VVV,U) =0
Vui# =0



Equation of hydrodynamics and symmetry group
e the generators of the group are denoted as G and the struc-
tural constant is Tgb. Then the Poisson bracket defines the

group of symmetry
GaGb — GoGa = i1, Cc
e Vvariation of order parameter
S¥ = i6a°Gay

where 6o are variations of the “rotation angles”



e for the gradient
Vi = iIW3Gay
e when the curl of the right hand side is equal to zero
w&:O
where

1
Wiy = VIWE = VIWR + Tp WPV, oy = Seikneh



e W2 are chiral velocities

e momentum density g
g= GaWa

where G5 are the densities of generators
e for nonzero temperature we have to add the momentum

density p of the normal part

g=GaW*+p



e Poisson brackets for densities G and W2

{Ga(r1), Gp(ra)} = —75,Ged(r1 — r)
(Ga(r1), WP(r2)} = 63Vi6(r1 - rp) + T WES(r1 - r2)

e in the presence of singular solitons, when w® # 0 we assume

(Ga(r1), wP(r2)} = 13.%(r1 - ro)

e We assume that in {W. W} there are no derivatives of 6-

function:

(WA(r1), WO(ro)} = ¢26(rq — ro)



e here
ab ab c
¢ = Fc wi

e non-dissipative equations of hydrodynamics constructed

H:derE

where density E is defined by

from Hamiltonian

dE = u®dGy + p,dW? + Agdw® + Vpdp + Td?



e eguations of motion can be obtained from Poisson brackets

and

958 _ 11, Gal = ~Vips + (1P7S, Go — Ayrleo® — WErl )
(9’[ a N3 Tab bTacW Tacllp
0
= H.0) = V(Y

awa .

gt - {HaW }
X _(H,g)

ot



Superfluid *He
e in the presence of vortices, the curl of the average superfluid

velocity is not equal to zero
w=VxW

e If we assume

F=-1/ps

then we find the Poisson bracket

{(Wi(ry), Wij(r2)} = =1/pswijo(ry - rp)



e equations of superfluid hydrodynamics

0

0—’[: =-Vg, g=GaW3+p

oW 1

— =-Vu+—(g-pnVn+V xXA) Xw
ot Ps



Lagrangian method of superfluid hydrodynamics
e the Lagrangian is

1 -
L Z—PVg + Vs — €(p, S, Vn — Vg)+

2
+a(p+V])+B(s+ V(svp)) + y(f + V(fwn))
where € = € — p(vh — Vs) and
J=pVs+ P

de = Tds+ udp + (vh — Vs, dp)



Lagrangian method of superfluid hydrodynamics

e variation of the Lagrangian gives
] Vs=Va

Vh: p=SVB+ fVy

Vs. | =pVs+ pP=pVa+sVB+ fVy
V2
: S
fol cv+,u+?=O

sf: B—wVB-T=0, %+vwVy=0,



Hamiltonian formulation

e definition of momentum

=) pva

momentum coordinate
P a
S 2]
f 04




e Hamiltonian equations

. oH
@ =—,

op
B_5H
-~ 6s’
_ oH
[T

e the Hamiltonian

H =fd3xE



