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The relativistic hydrodynamics of superfluid liquid :

• nonrelativistic equation for pressure P

dP = ρdµ + sdT + gdvn − ( j − ρvn)dvn

• in relativistic case, density of flow j does not coincide with

density of momentum g. The definition of w

g = ρvs + sw



• introduce four-vectors

vµ = (µ + vsvn − vs), wµ = (T + vnw − w)

• for pressure

dP = jµdvµ + sµdwµ

where jµ = (ρ, j) - density of 4-vector of flow of mass, sµ =

(s, svn) - density of 4-vector of flow of entropy

Variational principle:

• pressure P coincides with the Lagrangian density L



• we introduce Clebsch-variables

vµ = −∇µα

wµ = −∇µξ − ϕ∇µγ

• the variation of action A
∫

d4x(−g)1/2P(vµ,wµ)

gives us equations

∇µ jµ = 0

∇µsµ = 0

∇µvν − ∇νvµ = 0

sµ(∇µwν − ∇νwµ) = 0



Quantum vortices:

• the contour integral around a vortex
∮

dxµvµ = 2π~/m

• the number of vortices N crossing the surface

N =
m

2π~

∫
d f µν(∇µvν − ∇νvµ)

• energy-momentum tensor

Tµν =
∂P
∂vµ

vν + 2
∂P

∂(∇µvλ − ∇λvµ)
(∇νvλ − ∇λvν) − δ

µ
νP



• conservation of energy and momentum

∇µTµµ = 0

gives us two equations

jµ(∇µvν − ∇νvµ) = 0

∇µ jµ = 0



Equation of hydrodynamics and symmetry group

• the generators of the group are denoted as Ĝa and the struc-

tural constant is τc
ab. Then the Poisson bracket defines the

group of symmetry

ĜaĜb − ĜbĜa = iτc
abĜc

• variation of order parameter ψ

δψ = iδαaĜaψ

where δαa are variations of the “rotation angles”



• for the gradient

∇ψ = iWaĜaψ

• when the curl of the right hand side is equal to zero

ωa
ik = 0

where

ωa
ik = ∇iW

a
k − ∇kWa

i + τ
a
bcWb

i Wc
k , ωa

ik =
1
2
εiknω

a
n



• Wa are chiral velocities

• momentum density g

g = GaWa

where Ga are the densities of generators

• for nonzero temperature we have to add the momentum

density p of the normal part

g = GaWa
+ p



• Poisson brackets for densities Ga and Wa

{Ga(r1),Gb(r2)} = −τc
abGcδ(r1 − r2)

{Ga(r1),Wb
i (r2)} = δb

a∇iδ(r1 − r2) + τb
acWc

i δ(r1 − r2)

• in the presence of singular solitons, when ωa
, 0 we assume

{Ga(r1), ωb(r2)} = τb
acω

cδ(r1 − r2)

• we assume that in {W,W} there are no derivatives of δ-

function:

{Wa
i (r1),Wb

k (r2)} = φab
ik δ(r1 − r2)



• here

φab
ik = Fab

c ωc
ik

• non-dissipative equations of hydrodynamics constructed

from Hamiltonian

H =
∫

d3rE

where density E is defined by

dE = µadGa + ηadWa
+ λadωa

+ Vnd p+ Tdζ



• equations of motion can be obtained from Poisson brackets

and

∂Ga

∂t
= {H,Ga} = −∇ηa + (µbτc

abGc − λbτ
b
acω

c −Wcτb
acηb)

∂ζ

∂t
= {H, ζ} = −∇(ζVn)

∂Wa

∂t
= {H,Wa}

∂gi

∂t
= {H, gi}



Superfluid 4He

• in the presence of vortices, the curl of the average superfluid

velocity is not equal to zero

ω = ∇ ×W

• if we assume

F = −1/ρs

then we find the Poisson bracket

{Wi(r1),W j(r2)} = −1/ρsωi jδ(r1 − r2)



• equations of superfluid hydrodynamics

∂ρ

∂t
= −∇g, g = GaWa

+ p

∂W
∂t
= −∇µ +

1
ρs

(g − ρnVn + ∇ × λ) × ω



Lagrangian method of superfluid hydrodynamics

• the Lagrangian is

L =
1
2
ρv2

s + pvs − ε̃(ρ, s, vn − vs)+

+ α(ρ̇ + ∇ j) + β(ṡ + ∇(svn)) + γ( ḟ + ∇( f vn))

where ε̃ = ε − p(vn − vs) and

j = ρvs + p

dε = Tds + µdρ + (vn − vs, d p)



Lagrangian method of superfluid hydrodynamics

• variation of the Lagrangian gives

j : vs = ∇α

vn : p = s∇β + f∇γ

vs : j = ρvs + p = ρ∇α + s∇β + f∇γ

ρ : α̇ + µ +
v2

s

2
= 0

s, f : β̇ − vn∇β − T = 0, γ̇ + vn∇γ = 0,



Hamiltonian formulation

• definition of momentum

j =
∑

p∇q

momentum coordinate
ρ α

s β

f γ



• Hamiltonian equations

α̇ =
δH
δp
, ρ̇ = −

δH
δα

β̇ =
δH
δs
, ṡ = −

δH
δβ

γ̇ =
δH
δ f
, ḟ = −

δH
δγ

• the Hamiltonian

H =
∫

d3xE


