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Superfluid turbulence (T = 0)
(‘He, BEC)

Equation of motion : nonlinear
Schrodinger equation
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no viscosity, no Reynolds number

pure potential flow: rotv=0

quantized circulation:  §V-dr = Nk, vortices with N = 1

superfluid turbulence = tangle of singly quantized vortices
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Nb capacitor: spacing 1 mm, diameter 4mm

permanent magnet: spherical, radius 0.1 mm,
electric charge ca. 1 pC

driving force: F =q U,/ d
induced current: l=qv/d
oscillation amplitude 50 nm to 50 um
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Intermittent Switching

time (100 s / division) —



Turbulent Statistics
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Results:

The enstrophy L® has a normal distribution with a

standard deviation

2
6, =t = 29.10"m

J2

1 —_—
the typical vortex spacing is - 0.22mm
0

2. The spectral bandwidth of the enstrophy fluctuations is

Aw~—r7(0) =2E — 135

t

=0.5s

the typical time scale is

Literature: W. Schoepe, Phys. Rev. Lett. 92, 095301 (2004)



Laminar Statistics

P(Av)
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R(Av) = exp(—(Av/vy)?)
F(Av) =1 — exp(—(Av/v,)?) “Weibull” distribution



Terminology of elementary statistics

The cumulative distribution function (CDF) F(x)

The survival function or reliability function R(x) =1 — F'(x)
The probability density function (PDF) f(x) = dF/dx
The failure rate or hazard rate A(x): dR/dx = —A(xz)R(x)

A(z) = —dIn R(z)/dx = f(z)/R(x)

R(x) = exp (—]B Az dx’)



1) A =const.,, x =time

— radioactivity, macroscopic quantum tunneling
— thermal activation over a barrier A = Age= /T

R(t) = G_At F(t) =1 — e_At, % = T

Rayleigh (Weibull) distribution

Gompertz distribution



Lifetime of Laminar Phases
Reliability function: R(Av) = exp (— (Av/vw)Q).

Failure rate: A(Av) = 2Av/v2.
Transformation of variables from Awv to time ¢:
A(t) = A(Av) dAv/dt = Fy(t) Av(t)/m vﬁj = Pt(t)/%mvg},

where P;(t) is the power injected into the superfluid that is not dissipated
by phonon scattering.

Av(t) = AV (1 — exp(—t/7)) (e.g.,m = 31 s at 300 mK) and hence

for long times t > 7: Av = Av,,4. = const and therefore A = 0:

stable laminar phases although v > v,



normalized number of laminar phases

driving force = 47 pN
T =300 mK
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Extreme-Value Statistics

The X; are independent and identically
distributed with CDF

F(x) = P(X; < x)

n is the sample size.

The distributions of the extrema are given
Iy

P(M, < x) = F'(x)

and Pimp<x)=1-(1-F(x))"

These results are exact. The question is:
Are there distributions which are
asymptotically approached as n grows?

The answer is given by Extreme-Value Theory:
If a limit distribution exists it

must belong to one of only three
possible types.



Hl (X)

Hz(x)

H3 (X)

The three extreme-value distributions for minima

1 — exp(— exp(x)), the “Gompertz” distribution

1 — exp(—(—x)"%), x <0, a >0, “Fréchet” distribution

1—exp(—x%), x>0, a >0, the “Weibull” distribution
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Domain of Attraction of Rayleigh Distribution
1- exp[—an (x - bn)z]

parent distribution:

an bn
Gamma n 0
2
log — logistic n-1 0
Beta ~n 0
Rayleigh n 0

and therefore:



1. Example: from log-logistic to Rayleigh

n = 30
1 n
F(x) =1- E(x) = 1-(1-F(x))
1+x2
a=n-1 b=20 R(x)=1—exp[—a-(x—b)2]
1
E(x)
R(x) 05 .
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2. Example: from Gamma to Rayleigh

n = 300

F(x) = 1-exp(-Xx)- (1+X) E(x) = 1-(1-F(x))

a=n-048 b=0 R(X) = 1—exp| —a- (x—b)2]

05

0 0.05 0.1 0.15



Summary

The measured parameters of the extreme value distribution can be
evaluated quantitatively only if the parent distribution F'(x) and the
sample size n are known.

Physical models for F'(x) are needed.

The effect of the geometry on n has to be investigated.



