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Vortex Loop Proliferation 1

\ortices[OnsaGer, 1949],Monte Carlo[KRINNER, BITTNER, & JANKE , 2003]:

U<Tle T>T

[FEYnman, 1955]: The superfluid is pierced throughcand through with vortex line.
We are describing the disorder of Helium I.

Cf. percolation

P < Pc



Random Walk

Definition (pseudocode):

while I <n
generate m e {1,2,---,2d} 3
move to n.n. m 1
|+ +

end while

Probability.
_ #of pathsx — X’ in n steps

~ #of pathsx —» = in nsteps

Kn(X — X)

Limit n — o0, a — 0 such that.a = naa = const:

22
InKn(x = X) = Z—dVZKn(X — X)

Solution:

Ka(x = x)/a% = (




Grand Canonical Ensemble

Arbitrary vortex tangle:
V1 _Bona _
|nz_ZﬁKn(o_>0)><e =) I
n=0 n
w/ vortexloop distribution
I, ocn” e—,BQna

» Entropy factorwr (=d/2+1)

» Boltzmann factor wline tensiord « |Te = T|Y (o = 1):
suppresses large loops

@ thresholdl' = T, line tension vanishes:

In(Tg) c N°™F proliferationof loops



Radius of Gyration

Cf. polymer physics:
1 n
RZ= 23204 -2 ~ 0
i=1

> X = (1/n) Zinzl Xi

» D Hausdoff, or fractaldimension
random walk:D = 2

R, related tocorrelation lengtlz:

_ 1 d
E~ [T =T = o=-5 also T—5+1

Scaling laws= all critical exponentérom vortex loop distribution

In(T) cc N7 € P& g oc [T — TH”



Monte Carlo )

Problem w tracing out vortex tangle:
» randomly connect

» maximize vortex tangle

Vortex lines

(PT J— ——r
3DXY [NGuyen & Supsg, 1997]: 1:2; r: LR . g;%g% :
1/o = 1.45(5) 1 =2.4(1)= e !
D>2 e _
Vortices: self-seeking 1?2 :
e Y

10 100
n

[KRINNER, BITTNER & JANKE, 2004]

.. Superfluid transitionProliferationof vortex loops [(isacer, 1949]



Ising Model 6

2D Ising model inhigh-temperature representatiGh= 1):

Z = (coshg)?N2N Z v, e#5i5i = coshB(1 + vS;S;)

Closed Graphs
w/ v = tanhg, n: # links in graph
Monte Carlo[Janke & A.S. (NPB to appear)]: selected plaquette

» Plaquette | update

» Acceptance ratepyt = min(l, v”"”)

0

0

0O

» Periodic boundary
conditions

0
o
IR

» Maximized tangles:

L
O O EIL|_|:_I .
, 11 .
B < Bc B> Bc

Phase transition?roliferationof high-temperature graphs



Duality

Singleplaguette_| update~ Singlespinupdate on dual lattice:

PBC: mismatch w3 = % In cothB [KRAMERS & WANNIER, 1941]:

2
dual ! f f f f

[PEierLs, 1936]:

High-Temperaturgraphs~ Boundaries of spin cluster®(main wallg



Monte Carlo Simulations
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Simulation Results 9

Closed graph distribution:

(M) o7& M goc T, - TV

w/
8 27 11
o= 10 T = 10 = Dy= 5 [DUPLANTIER & SALEUR, 1988]
2D O(N) models » XY-model (N = 2): o = 0:

algebraic behavior

» SAW (N — 0) [pE Gennes, 1972]:
o = 1: special
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Geometrical Track

10

Applied to:
» PercolationFortuin-Kasteleyn spin clusters)

» Bose-Einstein condensatioproliferation of Feynman’s exchange rings

» Confinementproliferation of center vortices (dual to Polyakov’s loops)
» Surfacegdomain walls of 3D Ising model)
» Complex networks

e Internet

e WWW

e Coauthors

e Citation statistics Phys. Rev.



Vortex Action 11

“Action” of vortex linesH = Hg + Hint W/ propertimeparametes = ga’n/2d:

2d 6

Ho=;fosqd5§4[%1xz(5"q)+65], & = 3 a (> 0)

Vortex tangle generates superflewBiot-Sarvartinteraction:

CREN ALY REETR ébli%f
W/ 0% = k%ps (k: circulation quantum)

Vortex loops~ Worldlines ofrelativisticquantum particles

\ortex loopnetwork:
Feynman’'gath integrarepresentation (nots

- Zlllf 2 fons]e

Spacg(xy) & Time (2) on equal footing




External Field 12

Applying rotationQ:

» Introduces preferred direction)(
» Spacegxy) & Time (2) become two independent structures
» Freezes in fluctuations in(time) direction

» ~ nonrelativisticlimit, i.e., integral over propertime evaluated @ddle poirt

y4

= —, ¢_: linetension
2€|_

S

> W/ X% =r?%+27

Hoﬂi Zfdz[% equz(z)+eL]
q



It's a Vortex’s World 13

Assorted remarks:
» Superfluid turbulence/Ortex tangl® natural from dual perspective

» Generation osuperfluid turbulence rotating superfluid through
Kelvin wave instability

Transition fromnonrelativistic(order) torelativistic (disorder) vacuum and back

Open gquestiongstationary state):
» Relation with vortex tangle driving superfluid-normal phase transition?
» \ortex loop distribution?
» Fractal dimension?

» Different universality classes (gfaunterflow)?



